By means of experiments of instability of a uniform cylindrical soap film, Boys had showed that the bubble molded by the film is unstable when its length is greater than its circumference. Recently that is generally called the Rayleigh Criterion. In this paper, a linear theory in hydrodynamics is applied to analyze the stability of the cylindrical soap film supported by two equal size disks; all conditions of the stationary wave on the end plates of two disks are given. From here we get that the Rayleigh Criterion on the stability of the cylindrical soap film is proved.
I. Introduction
C. V. Boys, in his elegant little monograph, 1 discusses an important phenomenon of the cylindrical soap bubble, which is unstable while its length is larger than its circumference. This experimental fact is generally explained by analogy to the Rayleigh Criterion on the instability of infinite cylindrical liquid columns. 2 They have essentially differences; for infinite columns, all waves of any wavelength can propagate, but the stationary waves satisfying the boundary conditions on the end plates of two disks can only exist for the cylindrical bubble.
In the past two decades, the stability of liquid bridges has been extensively investigated in fluid science and materials science in space. [3] [4] [5] [6] Most of the works in ref 3 are based on minimum volume conditions. Bauer 5 investigated the coupled oscillations of a solidly rotating liquid bridge, but using the boundary condition that the edge contact is free to move. From here it can be determined that the liquid bridge is unstable while its length is larger than half of its circumference. The same conclusion was also obtained in ref 6. Therefore, the boundary conditions at the ends of the fluid are of decisive importance.
In this paper, a linear stability analysis is applied to a cylindrical soap bubble supported by two equal in size disks with contact conditions of the soap film adhering to the edges of the end plates of the two disks. Furthermore, by using the normal mode method, we prove that the sufficient and necessary conditions of stability of a cylindrical soap bubble are that it is unstable while its length is larger than its circumference. This conclusion is well consistent with experiments.
II. Assumptions and Equilibrium State
Consider a uniform cylindrical bubble of length L between two disks with radius a (Figure 1) . At equilibrium, the soap film is essentially a uniform cylinder with radius a.
According to the Young and Laplace equation, the bubble at equilibrium satisfies where σ is the tension of the soap film, p 1 is the gas pressure in the bubble, and p 0 is the air pressure out of the bubble. A linear stability method is used to deal with the stability problem of the bubble at equilibrium. Due to a small disturbance, the velocity is much less than the velocity of 
sound; the fluid can be considered as an incompressible ideal fluid, taking into account the effect of the tension of the soap film and neglecting the gravitational effect. We assume that the air pressure p 0 out of bubble is constant during the small disturbance.
III. Small-Disturbance Hydrodynamic Equations
The natural coordinates for the system are the cylindrical coordinates (r, θ, z), the z-axis being the axis of the two disks. z ) 0 is the end plate of the lower disk; z ) L is the end plate of the upper one. The bubble is a fluid cylinder with radius a and length L at equilibrium.
Assuming the fluid to be only slightly disturbed, the displacement vector of the film disturbed can be written
The linearized momentum equation is where F is the density of the fluid, u is the disturbed velocity of the fluid, and p is the disturbed pressure.
The continuity equation for the incompressible fluid is
The boundary condition on the disturbed film satisfies where p ) p′ + p 1 , and n is the outward normal unit vector on the film. Its linearization form is
The kinematics boundary condition on the film is Substituting eq 6 into eq 5, the linearized dynamic boundary condition on the film can be written as At the two end plates z ) 0 and z ) L satisfy and the contact conditions of the soap film adhering to the edges of the two disks.
Suppose that the disturbing displacement vector of the fluid is denoted by (r,t), then by substituting the disturbing velocity of the fluid u ) ∂ /∂t into eqs 3-9, the small-disturbance hydrodynamics equations become and the contact conditions of the film.
IV. Solutions of Small-Disturbance Hydrodynamics Equations
Equations 10-13 are a system of initial and boundary value partial differential equations. Equations 10 and 11 yield At the cylindrical coordinate (r, θ, z), eq 14 takes the form If the method of separation of variables is employed, the disturbing pressure p is found to be solved in terms of normal modes 7 Substituting eq 16 into eq 10, we obtain V. Stationary Wave Conditions 1. Boundary Conditions (eq 13) at z ) 0, L. Substituting eq 19 into eq 13, we obtain the stationary (7) wave conditions B ) 0 and k ) nπ/L (n is a positive integer); then the solution of eqs 16-19 becomes 2. Behavior of the Axisymmetric Disturbance (m ) 0). Applying the contact conditions of a soap film adhering to the edges of the two disks, we can prove that there only exist integer whole waves; i.e., n g 2 is any even number for axisymmetric disturbance (m ) 0) of the cylindrical soap bubble.
In fact, due to the contact conditions of the soap film adhering to the edges of the two disks, the fluid volume enclosed by the film must be constant. For an axisymmetric disturbance (m ) 0), the disturbing displacement (a,z,t) of the film (r ) a) in a general form is
All normal modes sin nπz/L are independent of each other. Therefore, the conclusion needs only to be proven for every mode; i.e., take eq 24 as
Applying the rule of volume conservation of fluid in a bubble and eq 25, we obtain From the kinematics boundary condition (eq 7), we have for any time, which means the film did not have a disturbance of m ) 0, n ) 2q -1 (q ) 1, 2, 3, ...).
Again from eqs 8-10, we obtain and On the basis of the maximum principle of a harmonic function (eq 8), the disturbing pressure p′, as a harmonic function (∇ 2 p′ ) 0) with the boundary conditions in eqs 28-30, must be p′ ≡ 0. That means the whole fluid in the bubble is not disturbed. From here, we get a stationary wave condition m ) 0, where n ) 2q is an even number.
VI. Dispersion Relation and Stability Conditions
Substituting the solutions of eqs 20-23 into eq 12, we get the dispersion relation as follows where m ) 0, n ) 2q for even numbers or m g 1, n g 1 for integers.
For a fluid column of length L, and replacing nπa/L by ka, we get For an infinite fluid column, eq 32 is the same as eq 147 of ref 7, paragraph 111.
Since xI m ′(x)/I m (x) is positive for all nonzero real x, it follows from the dispersion relation (eq 31) that 2 < 0 for all n if m g 1 or n ) 2q > 2 if m ) 0. Under these conditions is an imaginary number, and oscillations of fluid and film sustain themselves without growth or decay. The case m * 0 corresponds to a nonaxisymmetric disturbance, and m ) 0 corresponds to axisymmetric disturbances, so we may conclude that if the disturbances are nonaxisymmetric, the bubble is always stable. On the other hand, 2 > 0 for n ) 2 if m ) 0 indicates a unique critical unstable mode. If and only if L > 2πa, the bubble between the two disks with radius a is unstable, which is well consistent with the experimental results. ) (a,n,t) sin nπz L (25) 0 ) ∫∫ τ′ ∫ dτπa 2 L ) ∫ 0 L 2π dz ) { 0 (n ) 2q) 2πa 2q -1 (a, 2q -1, t) (q ) 1, 2, 3, ...) (26)
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Cylindrical Soap Film of Finite Dimensions Langmuir, Vol. 14, No. 2, 1998 535 
